We study the interaction of two dyons in the region of their cores where they are non-linear and non-Abelian. We assume the superposition of two dyons as a solution of the equation of motion. The terms due to the non-linearity of the strength tensor are considered as the perturbation terms which deforms the profile function of two individual dyons. As a result, the profile function of dyons are obtained to be dependent on the polar angle and the spherical symmetry is lost.
Introduction
The structure of QCD vacuum is an interesting subject to study in particle physics. Calorons are among the candidates for this structure. Calorons are the periodic solutions of Euclidean Yang-Mills theory which are classified with the holonomy as an order parameter. KvBLL instanton [1] [2] are described by maximally non-trivial holonomy.
In a set of papers [3] [4] [5] , authors showed that confinement-deconfinement transition can be described by the KvBLL instantons. They studied noninteracting ensemble of KvBLL instantons or calorons by considering the Polyakov loop as an order parameter and calculated the free energy of the quark-antiquark pair and the transition temperature.
To study the interacting ensemble of calorons, the superposition of calorons should be studied. ADHM method [6] [7] is a powerful method to construct the arbitrary self-dual solutions of Yang-Mills theory which results the construction of KvBLL instanton with dyons at finite temperature [1] [2] . This method gives an exact and stable multi-dyon and multi-caloron configurations. However, since the superposition of calorons is not the solution of self-dual Yang-Mills equation, there were some attempts [8] to improve this superposition by studying the caloron-Dirac string interaction and quasi-ADHM method. The former method applied to the dissociated caloron, which can be described with its constituents: dyons, and a Dirac string. Then the interaction of an object on the top of the Dirac string, namely a dyon of another caloron, with this string was calculated. As a result, the superposition of a dissociated caloron and an object on top of its Dirac string was the sum of unchanged caloron and a rotated object. This method can be applied to multi dissociated calorons which represents "an improved superposition of multi-caloron configuration" and can be compared with the quasi-ADHM method [8] .
Another way to improve the superposition of calorons is perhaps considering the interaction of the dyons of different dissociated calorons. Dyons have non-linear and non-Abelian SU (2) cores; while outside their cores they are Abelian U (1) objects with a preferred direction in the color space which contain coulomb like electric and magnetic fields. Hence, one can assume Coulombic interactions for them outside their cores. In this way, one can compare the new superposition with the improvement of caloron-Dirac string interaction and quasi-ADHM method [8] .
To study the non-interacting ensemble of calorons, one should consider a dyonic gas. Therefore, one must add the classical dyon fields in a gauge which minimizes the interaction of dyons -at least at infinity [3] [9] . This makes the superposition of the dyons to be as close as possible to the solution of the Yang-Mills equation, since the sum ansatz of the dyons is no longer the solution of the Yang-Mills equations. The proper gauge is the "stringy gauge" where the temporal gauge fields of dyons are directed to the third direction of the color space at infinity [3] . In this gauge, the interaction of dyons is zero at infinity and the sum of the dyon fields is the solution of the Yang-Mills equation for infinity. However, to study an interacting ensemble, one should forget gas approximation and do the calculations in other gauges including hedgehog gauge, where interaction is neither zero nor minimal even at infinity.
In this paper we do not use gas approximation and study the interaction of two dyons in the core area. In fact we study the changes of the gauge fields of a dyon in the presence of another dyon, where their cores overlap. We suppose the superposition of two dyons as the solution of the self-dual Yang-Mills equation and find the equation of motion for each individual dyons which is the perturbed version of the original equation. In fact, we suppose the presence of a dyon as a perturbation term that perturbs the self-dual equation of the first dyon. This perturbation changes the gauge field of the first dyon as a function of the angle between the radius vector and the vector which connects the centers of two dyons. As a result, the dyon has no longer spherical symmetry.
The paper is organized as the following. In section 2, dyons are introduced briefly. In section 3, we calculate the profile functions of a dyon in the presence of another dyon and compare it with the ones of an individual dyon. We conclude the paper in section 4.
Dyon in SU(2) Yang-Mills theory
A dyon is originally an SU (2) object with both electric and magnetic charges. It is a static and time-independent self-dual solution of the Yang-Mills theory,
where F is the strength tensor of the SU (2) gauge group
and
are the electric and magnetic fields, respectively. Therefore, the time-independent self-dual equation is,
In SU (2), there exist two dyons with different electric and magnetic charges [3] . The first is called M with electric and magnetic charges (+,+) and in hedgehog gauge, or to be more precise the Rossi [10] gauge, is defined by,
where E(r) and A(r) are called profile functions and n i is a unit vector in 3D space and r is the distance from the center of the dyon which is located at the origin.
| |x|→∞ is called holonomy, and specifies the confinement and deconfinement phases. The second dyon called L with electric and magnetic charges (-,-) is obtained by the replacement ν → 2πT − ν. Using equations (6) and (7), the electric and magnetic fields can be obtained,
A dyon is non-linear and non-Abelian in the region of its core of size ∼
where lim r→0 E(r) = 0 and lim r→0 A(r) = 1 are the boundary conditions to avoid singularity. For the far field limit, outside the core, a dyon is Abelian along an arbitrary direction,
One can "gauge comb" it to the third color direction [3] ,
where σ 3 is the third Pauli matrix. This gauge is called "stringy gauge". Holonomy is related to the confinement-deconfinement transition by the order parameter Polyakov loop, where P (r) → 0 for maximally non-trivial holonomy and ν = πT which corresponds to the confinement phase. P (r) → ±1 for trivial holonomy that corresponds to the deconfinement phase.
Interaction between two dyon cores
In this paper we study the interaction between two dyons in the region of their cores, where dyons are non-linear and non-Abelian. Outside this region, dyons are Abelian with a preferred direction in the color space that can be chosen to be the third direction.
We follow the well-known procedure in optics to study the interaction of optical solitons [11] . It is assumed that the solution corresponding to the sum of two solitons is the solution of equation of motion, not the one corresponding to the individual solitons. Using the solution of two solitons system in the self-duality equation (5), some terms are appeared due to the non-linearity of the field strength tensor with respect to the gauge fields. These extra terms are called the "perturbation" terms which are responsible for the interaction between two solitons. These perturbation terms make changes on the original soliton solutions and as a result the shape of the individual dyon deforms. In the following we discuss the details of this phenomena.
Consider a dyon located at the origin associated with the gauge field A µ (r) and another dyon at the distance l ≡ | − → l | with respect to the first dyon defined by the gauge field B µ (r ), both in Rossi gauge [10] , as illustrated in figure (1) . r denotes the distance from the center of the second dyon located at − → l . As mentioned in the Introduction, we can add two gauge fields of dyons in all gauges, including Rossi gauge, since we do not want to study the dyonic gas. Therefore we do not need to do our calculations in the gauge which minimizes the interaction of dyons.
Assume A a µ (r) + B a µ (r ) is the solution of the self-duality equation (5), instead of each individual dyon [11] . In this case, the sum ansatz is exactly the solution of Yang-Mills equation and we do not need to be close to the 
After some calculations, we have (15) Since the two sides of equation (15) are equal for all values of A and B functions and for all values of r and r , they should be equal to a constant, which we choose it to be zero [11] . Hence we have an equation for the first dyon, A µ (r)
and the equation for the second dyon is obtained by exchanging A and B. Equation (16) is the perturbed version of equation (5) for the first dyon by the presence of the second dyon,
Therefore, a dyon at the presence of another dyon satisfies equation (17) instead of equation (5), with the extra terms on the right hand side of equation (17) that we call the perturbation terms. A µ (r) and B µ (r ) are the gauge fields of individual dyons introduced in equations (6) and (7). The left hand side of equation (17) can be replaced by equations (8) and (9),
where the subscript p denotes the perturbed version of the A(r) and E(r) of equations (6) and (7). And the perturbation term is responsible for the interaction of these two perturbed dyons. The perturbation terms, right hand side of equation (17), can also be rewritten
Equating equations (18) and (19), we obtain two coupled equations
As mentioned before, dyons are non-linear and non-Abelian in their cores. Therefore to study equations (20) and (21), two dyons should be close enough such that their cores overlap. In other words, the distance of their centers in figure (1) should be smaller than the sum of their radius, l < R + R . Hence, we expand 
We should find the derivative with respect to l,
where the derivative of r with respect to l is obtained as the following,
θ is the angle between − → r and − → l shown in figure (1) .
where we change the parameter ν in equations (6) and (7) to α so that the second dyon is distinguished from the first dyon.
Now the perturbation term of equation (20) can be obtained
(27) Repeating the same procedure, one can find the perturbation term of equation (21),
where the functionality and subscript p of A and E are omitted for simplicity. The superscript prime denotes the derivative with respect to r. We can find E r from equation (34),
and then putting it in equation (36),
Now we should solve the differential equation (36) to find A and put it in equation (34) to find E. Solving equation (36) analytically seems difficult if it is possible at all. Hence, we use the polynomial expansion of function A, since we are interested in the core region of the dyon,
Although the expansion (37) introduces the perturbed dyon, but it should satisfy the boundary condition lim r→0 A(r) = 1, therefore a 0 = 1. Putting expansion (37) in equation (36) and after a lengthy but straightforward calculation, one can find the coefficients of expansion (37) by equating the coefficient of each power of r with zero. The coefficient a 2 is unspecified after solving the equation, and we have the freedom to choose it from the unperturbed dyon in (10b), therefore we choose
To solve equation (34) to find E, we use the polynomial expansion of E. Then we use this polynomial and A of equation (38) 
As mentioned in calculating A, function E should satisfy the boundary condition lim r→0 E(r) = 0, hence e 0 = 0. 0.3 f m and T is fixed to 1 f m −1 . For fixed r, E p (r) is different for different θ unlike E(r) which is the same for all θ. We fix the distance between the two dyon centers to l = 0.5 f m to ensure that the cores of the dyons are overlapped: 0 < l < R + R 2/π. The plot of the unperturbed E(r) for small r is illustrated to show that the expansion up to r 4 is a good approximation in the core of the dyon. problem with exact methods is very difficult and complicated. We suppose the presence of a dyon as a perturbation that affects the profile function of another dyon. We use some approximations to ensure that our calculations are in the region of the core of the dyons and also we make sure that the cores of two dyons overlap. Therefore, our calculations are reasonable just in the core. The gauge fields of the perturbed dyon is obtained as a function of the polar angle between radius vector and the vector which connects the centers of two dyons.
As mentioned in the introduction, our ultimate main goal is to calculate the interaction of the calorons to study the potential of the quark-antiquark pair by interacting caloron ensembles. However, since the interaction of calorons is complex, we have tried to study the interaction of the dyons which are the constituents of the calorons. In the limit where the constituents of the caloron are far away from each other such that they can be distinguished as two dyons, we can consider the interaction of the dyons as the interaction of the calorons. In that limit, we can make two calorons close enough such that their dyons overlap and study the interaction of the dyons. Of course, the problem is not that easy since the Dirac string between the dyons inside the caloron should be taken care of very carefully and thus more projects and studies are needed to reach the final goal.
